Journal of Basic and Applied Engineering Research

p-ISSN: 2350-0077; e-ISSN: 2350-0255; Volume 5, Issue 5; July-September, 2018, pp. 380-384

© Krishi Sanskriti Publications
http://www krishisanskriti.org/Publication.html

Intuitionistic Fuzzy Metric Space and
Absorbing Maps

Anju Panwar

Department of Mathematics, M.D. University, Rohtak
E-mail: anjupanwarl5@gmail.com

Abstract—This paper deals with common fixed point of six
mappings by using absorbing maps in an intuitionistic fuzzy metric
space.

Mathematics Subject Classification : 54H25, 47H10

Keywords: Absorbing Maps, Compatible maps, Reciprocal
continuity, Intuitionistic fuzzy metric space, Common fixed point,
Continuous t-norm , Continuous t-conorm.

1. INTRODUCTION AND PRELIMINARIES

In 1965, Zadeh[16] introduced the concept of fuzzy sets as a
new way to represent vagueness in our everyday life. Since
then, many authors regarding the theory of fuzzy sets and its
applications have developed a lot of literature. Kramosil and
Michalek[10] , Erceg[5], Deng[4], Kaleva and Seikkla[11]
have introduced fuzzy metric space in different ways.
Atanassov [2]initiated and studied the concept of intuitionistic
fuzzy sets as a generalization of fuzzy sets In 2004, Park [13]
introduced a notion of intuitionistic fuzzy metric spaces with
the help of continuous t-norms and continuous t-conorms as a
generalization of fuzzy metric space due to Kramosil and
Michalek [10].In 2008, Mishra, Ranadive and Gopal[18]
introduced the notion of absorbing maps. They explore the
possibility of applying the notion of reciprocal continuity and
absorbing maps for finding common fixed points of four
mappings.

Here, we remind some basic definitions and well known
results in intuitionist fuzzy metric space.

Definition 1.1. [16] Let X be any non empty set. A fuzzy set
A in X is a function with domain X and values in [0,1].

Definition 1.2. [2] Let X be any set. An intuitionistic fuzzy
set A of X is an object of the form

A = {(X,/JA(X),]/A(X))|X€X}, where the functions

My X —=[0,1] and y,: X —[0,1] denote the degree of
membership and the non-membership of the element x €E
respectively and for every x € X, 0 < ,UA(X)+ Va (X) <1.

Definition 1.3. [13] A triangular norm * (shortly  t-norm) is
a binary operation on the unit interval [0, 1] such that for all a,
b, ¢, d € [0, 1] the following conditions are satisfied:

(H)a=* 1=a;

(2)a * b=b * a;

(3)a* b < ¢ * dwhenevera< candb <d;
@a* (b * c)=(a* b)* c.

Definition1.4.[13] A binary operation ¢ : [0, 1] x [0, 1] — [0,
1] is a continuous t-conorm if it satisfies the following
conditions:

(1) ¢ is associative and commutative,
(2) ¢ is continuous,
(3)ad®0=aforalla € [0, 1],

(4)adb<cd®dwhenevera<candb <d, foreacha, b, ¢, d
€ [0, 1].

Example 1.5[1] Two typical examples of continuous t-conorm
are a0 b = min(a+b, 1)and a ¢ b = max(a, b).

Definition 1.6 [1] A 5-tuple (X,M,N, *, 0) is called a
intuitionistic fuzzy metric space if X is an arbitrary (non-
empty) set, * is a continuous t-norm, ¢ a continuous t-
conorm and M, N are fuzzy sets on X*x(0,00), satisfying the
following conditions:

foreachx,y,z € Xandt, s>0,

@M(x,y, ) + N(x, y, ) = 1,

(b) M(x, y, ) >0,

() M(x,y,t)=1ifand only if x =y,

(d) M(x, y, ) = M(y, x, ),

(e) M(x, y, t) *M(y, z, 8) < M(X, z, t + 5),
(f) M(x, Y, .) : (0,0) — [0, 1] is continuous.
(&) N, y, ) >0,

(W) Nx,y,t)=0ifand only ifx =y,
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(DN, y, ) =N(y, x, 1),

(G N, y, t) O N(y, z, s) = N(x, z, t +5),

(K N(x,y,.): (0,00 — [0, 1] is continuous.

Then (M,N) is called an intuitionistic fuzzy metric on X. The
functions M(x, y, t) and N(x, y, t) denote the degree of

nearness and the degree of non-nearness between x and y with
respect to t, respectively.

Definition 1.7 [1] Let (X, M,N, * ,0) be an intuitionistic fuzzy
metric space:

(1) A sequence {Xn} in X is said to be convergent to a point

x€X  (denoted by limx, =X

n—ow

), if

lim , M(X,,x,t)=1lim_ _,_ N(X ,X,t)=0, for all
t>0.

(i) A sequence {Xn} in X is said to be Cauchy sequence if
lim,  M(x
=0 for all t > 0, p>0.

(iii) A fuzzy metric space in which every Cauchy sequence is
convergent is said to be complete .

Definition 1.8. A pair (A, S) of self maps of an intuitionistic

fuzzy metric space (X, M, N, * ,0) is said to be reciprocal

continuous if

lim, , ASX =Ax and lim, , SAX =Sx, whenever

Xpo0)= 1, lim_ N(X, ,,%,,t)

n+p?

there exists a sequence {X,}€ X such that

lim_ , Ax, =lim,  SX,=x forsomex € X.

If A and S are both continuous then they are
obviously reciprocally continuous but the converse need not
be true.

Example 1.9 Let X=[4,30] and d be the usual metric space X.
Define mappings A,S : X—> X by

Ax=x if x=4 Sx=x if x=4

Ax=5 if x>4 Sx=10 if x>4
It may be noted that A and S are reciprocally continuous
mappings but neither A nor S is continuous mappings.

Definition 1.10. Let f and g are two self maps on an
intuitionistic fuzzy metric space (X, M, N, * ,0) then f is
called g-absorbing if there exists a positive integer R > 0 such
that
M(gx, gfx, t) = M(gx, fx, t/R) and

N(gx, gfx, t) < N(gx, fx, t/R forall x € X.
Similarly, we can defined f-absorbing maps.
The map f is called point wise g-absorbing if for x€ X, there
exists a positive integer R > 0 such that

M(gx, gfx, t) =M(gx, fx, t/R) and
N(gx, gfx, t) SN(gx, fx, t/R) forallx € X,
Similarly, we can defined point wise f-absorbing maps.
Lemma 1.11 [13] If for all x, ye X , t>0 and 0< k< 1, M(x, y,
kt) 2M(x, y, t),N(x, y, kt) < N(x, y, t),then x =y.

Lemma 1.12 [13] : M(x, y, .) is non-decreasing and N(x, y, .)
is non-increasing for all x, y in X.

2. MAIN RESULTS

Theorem 2.1. Let P be point wise AB - absorbing and Q be
point wise ST-absorbing self maps on a complete
intuitionistic fuzzy metric space (X, M,N, * ¢ ) with
continuous t-norm and t-conorm are defined by a*b =
min{a,b}, a0b = max{a,b} where a,b € [0,1] satisfying the
conditions:

2.1) PX) S ST(X), QX) & AB(X);

(2.2) There exists k € (0,1) such that for every x, ye X and t
>0,

M(Px,Qy.kt) Zmin {M(ABx,STy.t), M(Px,ABx,t), M(Qy, STy,
t),M(Px, STy, t)},

N(Px,Qy.kt) <max{N(ABx, STy, t),N(Px, ABx, t),N(Qy, STy,
t), N(Px, STy, 0)};

(2.3)Forallx,ye X, M M(x,y,t)=1,
t>w

lim N(x,y, t) = 0;

to>wx
(2.4) AB=BA, ST=TS, PB=BP, SQ=QS, QT=TQ.

If the pair of maps (P, AB) is reciprocal continuous
compatible maps then P, Q, S, T, A and B have a unique

common fixed point in X. Proof: let X, be any arbitrary point
in X, sequence Y, €X
Yoot = STXy = P, ,andy,, = ABX,, =QX,,,;,n

1, 2, 3. This can be done by the virtue of (2.1). By using
contractive condition we obtain,

MY 2415 2ns2 Kt = M(P X5, QX k)

construct a such that

>min{M(AB X,,, ST X5,;» 0.M(P Xy, ABX,,, ), M(Q

X, STX t), M(P X,,,, ST X5, )}

2n+l1, 2n+1°

2 min {M( Y515 Yans> 0M(Yaniis Yans O

M(Yans Yonist), 1}
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which implies,
M(Yoni1> Yoniz k) 2 M(Yans Yona t)
in general,

M( yn s yn+1 > kt) Z M( yn—l s yn > t)

and
N(Y 2n415Y 2n42 K0 = NP X5, QX2n+l , kt)

<max {N(AB X,,,ST X5, O.N(P X, ,AB Xy, 1), N(Q

Xy STXy 1 0. NP Xy, ST Xy 5 0}

2n+l, 2n+1 4

<max{N( Y15 Yoni -0:N( Yaniis Yan b,

N(Yans Yana o0, 0}

which implies,

N(Yansi> Yaneas k&) SN(Yons Yoners O

in general,

N(Yns Yo k) S N(Yo s Yns 9 (1)
To prove { Y, } is a Cauchy sequence, we have to show
M(Y,, Yo, —=>1and N(Y,,, Yy, ) > 0(fort>0as

n —> oo uniformly on p € N), for this from (1) we have,
2
M( yn 4 yn+1 nt) ZM ( yn—l H yn ’ t/k) ZM( yn—2 b yn—l ’ t/ k )Z

t
....... > M( Yoo Yo

o )—>lasn—> 0 forp €N, by (1) we

have

M(Y,, Yiip D ZM(Ys Yo (1D * MY, Vi k) 2
My, y, =t
yO yl H k ) M( yn+l ’ yn+2 ’t) *

M( yn+2 s yn+p > (k'l)t)

(1-K)t
kn

2M( yO, yl )

) * M( yn+2 b yn+3 7t)
(1-k)t
k n

t
)*M( y09 yl,k_n

*M (yn+3 > yn+p >(k - Z)t) ZM( yO, yl ’

(1-k)t

).

) * M(

y09y1 ) (yoayla

kn
k—p)t
M (3 i

Thus M (yn,yn+p, ty > 1 (forallt>0as n—> o©
uniformly on p € N)

and

N( ynayn+lnt) SN(yn 1>yn7t/k) SN(yn—zayn—ht/kz) S

....... SNYos Yy

have

N(Yns Yorps> ) SN(Yns Yaur (1500 O N(Yop, Voip > KOS

-kt
k"

N( yn+2 s yn+p > (k'l)t)

(1-Kk)t

k )—>0asn—> 0 forp €N, by (1) we

N( yo y1 ) )ON( yn+1 ] yn+2 at) 0

t
SN(Yo Y1, JON(Yo, Y, e
N (yn+3 9 yn+p 9 (k - 2)t)

- k)
—N( yo yla )ON( yoayl kn )

)ON( yn+2 s yn+3 =t) 0

1-kt

Thus N(Y,,Ypp, ) — 0 (for all t > 0 as n—

(k—pit

kn+ p+1

N(Yo Y1 )-e ON (Y, ¥y )

uniformly on p € N). Therefore, { Y|, } is a Cauchy sequence
in X. But (X, M,N, *,0) is complete so there exists a point
(say) z in X such that {Y,}—z

{PXZn—Z}’{Sszn—l}a{Aszn}a{QXZn+1} —> Z. Since the

pair (P, AB) is reciprocally continuous mappings, then we
' lim

Also we have

=Pz and

have, PABX,, = ABz and

n— oo
compatibility of P and AB yields,

ABPX,,
n— o

lim
M (PABX,, , ABPX,, ,t) = 1and
n — o
lim
N (PABX,,, ABPX,,,t)=0
n—oo

i.e. M(Pz, ABz, t) =1 and N(Pz, ABz, t) = 0. Hence Pz =
ABz. Since P(X) €S T(X) then there exists a point u in X
such that Pz =STu.

Now by contractive condition, we get

M(Pz, Qu, kt) = min {M(ABz, STu, t), M(Pz, ABz, t), M
(Qu,STu, t), M(Pz, STu, t)}
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2> min {M(Pz, Pz, t), M(Pz, Pz, t),M(Qu,Pz, t), M(Pz, Pz, t) N(Qu, QQu, t) = N(Pz, QQu, t)
}>M(Pz Qu, ) <max {N(ABzSTQu,0),N(PzABz 1) N(QQu,STQu,), N(Pz

and

N(Pz, Qu, k)< max {N(ABz, STu, t), N(Pz, ABz
t),N(Qu,STu, t), N(Pz, STu, t)}

< max {N(Pz, Pz, t), N(Pz, Pz, t),N(Qu,Pz, t), N(Pz, Pz, t)} <
N(Pz, Qu, t)
i.e. Pz=Qu. Thus Pz = ABz = Qu =STu.

Since P is AB - absorbing then for R > 0, we have

M(ABz, ABPz, t) = M(ABz, Pz, t/R) = 1 and N(ABz, ABPz,
t) < N(ABz, Pz, t/R) =0

i.e. Pz= ABPz= ABz.

Now by contractive condition, we have,

M(PPz, Pz, t) = M(PPz, Qu, t)= min {M(ABPz, STu, t),
M(PPz, ABPz, t),M(Qu,STu, t), M(PPz, STu, t)}

2min{M(Pz,Pzt),(PPz,Pzt),M(Qu,Qu,t),M(PPzPzt)}
=M (PPz, Pz, t)

and

N(PPz, Pz, t) = N(PPz, Qu, t)

< max {N(ABPz STu, t), N(PPz, ABPz, t),N(Qu,STu, t),
N(PPz, STu, t)}

<max {N(Pz,Pz,¢),N(PPz,Pzt),N(Qu,Qu,t),N(PPz,Pz,¢)} =
N(PPz, Pz, t),

i.e. PPz=Pz=ABPz.

Therefore Pz is a common fixed point of P and AB. Similarly,
ST is Q—absorbing, therefore, we have,

M(STu, STQu, t) ZM(STu, Qu, t/R) =1
i.e. STu=STQu = Qu.

Now by contractive condition, we have
M(Qu, QQu, t) = M(Pz, QQu, t)

Zmin{M(ABz, STQu, t),M(Pz, ABz, t), M(QQu,STQu, t),
M(Pz, STQu, t)}

=min{M(ABz, Qu, t),M(Pz, Pz, t),M(QQu, Qu, t), M(Pz, Qu,
t)}

=min{M(Pz,Pz,t),M(Pz,Pz,t), M(QQu,Qu,t),M(Pz, Pz, t)}
=min{1,1,M(QQu, Qu, t),1} = M(QQu, Qu, t)

and

N(STu, STQu, t) <N(STu, Qu, t/R) =0

i.e. STu=STQu = Qu.

Now by contractive condition, we have

STQu, t)}

= max{N(ABz, Qu, t),N(Pz, Pz, t),N(QQu, Qu, t),N(Pz, Qu,
)}

= max {N(Pz, Pz,t),N(Pz,Pz,t),N(QQu,Qu,t), N(Pz, Pz, t)}
=max{0,0,N(QQu, Qu, t),0}= N(QQu, Qu, t).

i.,e. QQu=Qu=STQu.

Now putting Pz=Qu ,we have

QPz=Pz=STPz.

Now putting x=BPz, y =Pz in (2.2), we have

M(P(BPz),Q(Pz),kt) >
min{M(AB(BPz),ST(Pz),t),M(P(BPz),AB(BPz),t), M(Q
(Pz),ST(Pz),t),M(P(BPz),ST(Pz),t)}

As PBPz = BPPz = BPz and ABBPz = BABPz = Pz, we have

M(BPz,Pz.kt) Zmin{M(Pz,Pz,t),M(BPz,Pz,t),
M(BPz,Pzt)}

M(Pz,Pz,t),

2 min {1, M(BPz,Pz,¢),1, M(BPzPzt)}
2> M(BPz,Pz,t)

and

N(P(BPz),Q(Pz),kt)

<max {N(AB(BPz),ST(Pz),t),N(P(BPz),AB(BPz),),
N(Q(Pz),ST(Pz),t), N(P(BPz),ST(Pz),t)}

As PBPz = BPPz = BPz and ABBPz = BABPz = Pz, we have

N(BPz,Pzkt) <max {N(Pz,Pz,t),N(BPzPzt),N(Pz,Pz,t),
N(BPz,Pz,t)}

< max {0, N(BPzPzt),0,N(BPzPzt)}

<N(BPzPz,).

By using lemma 1.12, we have

i.e. BPz=Pz.

Since Pz = PPz = QPz =ABPz =APz

hence, Pz = PPz = QPz =BPz =APz

Now putting x = Pz, y=TPz in (2.2), we have M(PPz,QTPz,kt)

2min{M(ABPz,STTPz,t),M(PPz,ABPz,t),
M(QTPz,STTPz,t),M(PPz,STTPz,t)}

As STTPz=TSTPz = TPz and QTPz = TQPz = TPz, we have

M(Pz,TPzkt) 2min{M(PzTPzt),M(PzPzt),
M(Pz,TPz,t)}

M(TPz,TPz,t),

M(Pz,TPzkt) = min {M(Pz,TPzt), 1,1, M(Pz TPz)}
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2> M(Pz,TPzt)
and
N(PPz,QTPzkt)

<max {N(ABPz,STTPzt) N(PPz,ABPzt), N(QTPzSTTPzt),
N(PPzSTTPz,t)}
As STTPz=TSTPz = TPz and QTPz = TQPz = TPz, we have

N(Pz,TPzkt) <max {N(Pz,TPzt),
N(Pz,Pz,t),N(TPz,TPz,t),N(Pz,TPz,t)}

N(Pz,TPzkt) < max {N(PzTPz,z), 0, 0, N(Pz,TPz)}
< N(Pz,TPz,t)

By using lemma 1.12, we have
i.e. TPz=Pz.

Since Pz =PPz= QPz=BPz=APz= TPz = STPz hence Pz =
PPz = QPz =BPz =APz = TPz = SPz. Hence Pz is a common
fixed point of P, Q, S ,T ,A and B. Uniqueness of Pz can easily
follows from contractive condition. The proof is similar when
Q and ST are assumed compatible and reciprocally

continuous. This completes the proof.
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